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ABSTRACT 

This r e p o r t  adapts  an earlier method descr ibed  by P h i l i p s  and Rose 

[3]  t o  treat the  compressible Navier-Stokes equat ions  by an  i m p l i c i t  system 

of compact f i n i t e  d i f f e r e n c e  equations.  The boundary cond i t ions  f o r  t h e  

r e l a t e d  Euler problem are shown t o  fol low formally from t h e  f i n i t e  d i f f e r e n c e  

equat ions as t h e  v i s c o s i t y  vanishes by means of s i n g u l a r  pe r tu rba t ion  arguments. 

This  r e p o r t  w a s  prepared as  a r e s u l t  of work performed under NASA 
Contract  No. NAS1-16394 and NAS1-15810 a t  ICASE, NASA Langley Research 
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1. In t roduc t ion  

A r ecen t  paper ( P h i l i p s  and Rose [ 3 ] )  descr ibed  a compact f i n i t e  

d i f f e rence  scheme t o  treat  the s c a l a r  convect ive-diffusion equat ion  

u + a u x  + b u  = c u  t Y xx + 2 d u  
XY 

+ e u  , 
YY 

and ind ica t ed  modi f ica t ions  required t o  t reat  systems of equat ions  of 

t h i s  type  when c ,  d ,  and e a r e  nonsingular  mat r ices .  This  paper 

desc r ibes  t h e  f u r t h e r  modif icat ions which are necessary t o  extend t h i s  

t reatment  t o  the  Navier-Stokes equat ions ,  a case i n  which c ,  d ,  and e 

are each s ingu la r .  

correspondence t o  t h e  scheme for  nonsingular  c o e f f i c i e n t  matrices. 

extended scheme and t h e  modified development which l eads  t o  i t  are descr ibed  

The r e s u l t  shows a c lose ,  bu t  no t  s e l f - ev iden t ,  

The 

i n  t h e  next  s ec t ion .  

The Euler equat ions  a r i s e  as t h e  formal s i n g u l a r  pe r tu rba t ion  l i m i t  

(p + 0, p = shear c o e f f i c i e n t  of v i s c o s i t y )  of the Navier-Stokes equat ion  

and it  may be  conjectured t h a t  t h e  phys ica l ly  r e l e v a n t  genera l ized  s o l u t i o n s  

of t he  Euler equat ions as wel l  a s  t h e  a s soc ia t ed  class of c o r r e c t  mathematical  

boundary condi t ions  f o r  them are  determined as t h e  "outer expansions" of t h e  

Navier-Stokes equat ions i n  the  sense o f  s ingu la r  pe r tu rba t ion  theory.  

A simple energy argument suggests  t h a t  t h e  Navier-Stokes equat ions  are 

well-posed under boundary condi t ions which are independent of t h e  Mach number 

(Problem P).  I n  c o n t r a s t ,  t he  theory of c h a r a c t e r i s t i c s  f o r  hyperbol ic  equa- 

t i o n s  shows t h a t  t he  number of boundary condi t ions  f o r  t h e  Euler  equat ions  de- 

pends upon t h e  Mach number and is, genera l ly ,  less than the number of boundary 

condi t ions  which are appropr ia te  f o r  t h e  Navier-Stokes equat ions.  

t i o n  i n  t h e  number of boundary condi t ions  is  a c h a r a c t e r i s t i c  f e a t u r e  of s in-  

This reduc- 

gu la r  pe r tu rba t ion  problems. 
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A study of t h e  f i n i t e - d i f f e r e n c e  scheme ( 3 . 9 )  f o r  t h e  Navier-Stokes 

equat ions  shows t h a t  only t h e  Euler  boundary condi t ions  have an  apprec iab le  

e f f e c t  on the s o l u t i o n  of ( 3 . 9 )  as 1-1 -t 0. A s  a r e s u l t  t h e  d i f f e r e n c e  

scheme (3.9) provides f o r  a t rea tment  of both problems under boundary con- 

d i t i o n s  which are independent of t h e  Mach number. 

2. The Navier-S tokes Equations 

If P, 2 = ( u , ~ ) ,  T are t h e  dens i ty ,  v e l o c i t y ,  and temperature ,  

r e s p e c t i v e l y  and i f  

2 p v  + Xdivu!  - 
Y 

i s  t h e  reduced stress t enso r ,  t h e  Navier-Stokes equat ions  i n  two-dimensions 

may be wr i t t en  

p + ( u * V ) p  + p d i v  2 = 0 t -  

(2.1) u + (2- V ) g  + p - l R T  grad p + R grad T = 9-l d i v  IT' -t 

Tt + (u V)T + (y-1)Tdiv u = (pcV)-'k d i v  grad T + f , - - 

where 

f = (pc,) -1 p[u 2 + v  2 + 2 ( u  +vx) 2 +X(d ivg)  2 I .  
X Y  Y 

Here are t h e  c o e f f i c i e n t  of h e a t  conduction, t h e  shear  

and second c o e f f i c i e n t s  of v i s c o s i t y ,  and t h e  s p e c i f i c  h e a t s  a t  cons t an t  

volume and pressure,  r e spec t ive ly ;  a l s o ,  R = c - c and y = c /c 

k,  1-1, X, cv, c P 

P V  P v '  
Equations (2.1) may be expressed i n  t h e  form 

Ut + AUx + B U  = CUxx +2DU + E U  + F ,  
Y XY YY 

(2.2) 

where the  transpose of t h e  v e c t o r  U i s  given by (p,u,v,T) and 
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I-lc 
i n  which Pr = is  t h e  P r a n d t l  number. 

It w i l l  be convenient t o  in t roduce  t h e  ma t r i ces  

(2 4 )  

J = d i a g ( O , l , l , l ) ,  

? = I - J = d iag ( l , 0 ,0 ,0 ) .  

With t h i s  d e f i n i t i o n  equat ions  (2.2) may be w r i t t e n  i n  system form as 

ut + A U x  + B U  = J ( V x + W  +F) 
Y Y 

C U x +  D U  = J V  
Y 

D U X +  E U  = J W .  
Y 

Because the e l l i p t i c  opera tor  on t h e  right-hand s i d e  of equat ion  (2.2) 

has  rank 3,  it  i s  n o t  immediately apparent  how boundary condi t ions  may be  

imposed. To t h i s  end, consider  t h e  one-dimensional problem 

where A i s  symmetric, 

and all > 0 while  

is  non-negative. With i n i t i a l  and boundary condi t ions  given by 



(2.7) 

- 
a )  U(x,O) = U , 

b) U(0 , t )  = 0 , 

c) J U ( 1 , t )  = 0 , 

i f  (2.6) is mul t ip l i ed  by UT and then  i n t e g r a t e d  t h e  r e s u l t  is  t h e  

energy” express  ion 11 

1 1 
0 = & l l JTUdx + U:CUx -t UT ($AU - CUx) d t  

0 0 

Employing t h e  i n i t i a l  and boundary cond i t ions  ( 2 . 7 )  and no 

by assumption, t h e r e  r e s u l t s  

ing  t h a t  a > 0 11 

1 

0 0 

where t h e  e q u a l i t y  a p p l i e s  i f  and only  i f  U = const .  This ,  of course ,  

impl ies  t h e  uniqueness of t h e  so lu t ion  f o r  t h e  l i n e a r  problem considered.  

X 

Applied t o  t h e  hydrodynamic problem ( 2 . 2 ) ,  all = u i n  which case t h e  

boundary cond i t ions  (2.7b) and ( 2 . 7 ~ )  correspond t o  inf low and outf low 

condi t ions .  We thus  state: 

Problem P: Solve t h e  Navier-Stokes equat ions  i n  t h e  form (2.5) i n  a domain 

P under t h e  i n i t i a l  and boundary condi t ions  

- 
U(X,Y,O) = u 

U ( * , t )  = U inf low 

JU(’ , t )  = J U  outflow. 

More s p e c i f i c a l l y ,  we assume 

apply f o r  x-0 o r  y=O while  outf low condi t ions  apply f o r  x = l  o r  y=l .  

Z, i s  t h e  u n i t  square on which inf low cond i t ions  
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A more complete d i scuss ion  of properly-posed boundary cond i t ions  

f o r  problems of t he  type considered i n  t h i s  paper has  been given by 

Str ikwerda [ 4 ] .  

3. A Compact F i n i t e  Di f fe rence  Scheme 

I f  w e  ignore f o r  t h e  t i m e  being t h e  f a c t  t h a t  t h e  t e r m  F i n  ( 2 . 4 )  

is  a func t ion  of Ux and U t h i s  equat ion  is similar t o  t h e  type  of 

problem which was t r e a t e d  earlier by means of a second-order a c c u r a t e  

compact f i n i t e  d i f f e r e n c e  scheme ( P h i l i p s  and Rose 1 3 1 ) .  However, t h e i r  

Y 

argument depended e s s e n t i a l l y  upon t h e  f a c t  t h a t  t he  c o e f f i c i e n t  matrices 

C,  D, E i n  ( 2 . 4 )  were nonsingular ;  i n  order  t o  desc r ibe  t h e  ex tens ion  

necessary  when these  c o e f f i c i e n t s  are s i n g u l a r  (compare ( 2 . 3 ) )  i t  appears  

s imples t  t o  reder ive  the  d e r i v a t i o n  of t h e  d i f f e r e n c e  equat ions  from 

elementary p r inc ip l e s .  This  is done here .  

We suppose t h e  computational domain can be subdivided i n t o  r e c t a n g u l a r  

computational c e l l s  rYk{ Ix - x .  I < Ax/2, Iy - ykl < Ay/2, I t - tnl < 1) A t  and 

w r i t e  Un = U ( j  A x ,k  A y,n A t ) .  We employ t h e  n o t a t i o n  
J 

jk 

etc. 

by w r i t i n g  U. n = U(*,* ,nA t ) ;  thus  pXU., n rSxU,, n uyU., n rSYU. n , utU.  n , 6,U: 

involve t h e  values of 

A f i n i t e  d i f f e rence  scheme which only involves  d a t a  a s soc ia t ed  w i t h  

When no confusion is  l i k e l y  t o  ar ise  w e  suppress  t h e  s p a t i a l  i n d i c e s  

n 
IT.. 

is  

U a t  t h e  cen te r  p o i n t s  of t h e  f a c e s  of t h e  cel l  

n 
IT. 

c a l l e d  compact . 
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The approximation method t o  be descr ibed  i s  based upon t h e  fo l lowing  

idea:  suppose t h e  s o l u t i o n  U of ( 2 . 4 )  is known t o  be smooth; t hen  t h e  

r e s u l t  of approximating t h e  coe f f i c i en t  matrices i n  ( 2 . 4 )  by t h e i r  v a l u e s  

averaged over each computational c e l l  

l i n e a r  p a r t i a l  d i f f e r e n t i a l  equation i n  each cel l .  

rn, say  A * ,  n n  B., etc., l e a d s  t o  a 

Ut + A %  + I33 = J(Vx+Wy+F*),  n 
e x  Y 

CFx + D 3 y  = J Vx, 

D”U + E? = J Wx. 
e x  Y 

This system w i l l  approximate ( 2 . 4 )  t o  terms of second-order i n  t h e  mesh 

parameters i f  IT i s  s u f f i c i e n t l y  small. Because ( 3 . 2 )  is l i n e a r  i t  i s  

f e a s i b l e  t o  cons t ruc t  a l i n e a r  manifold of s o l u t i o n s  i n  each c e l l  and then ,  

by means of a l g e b r a i c  equations which express  c o n t i n u i t y  condi t ions  at t h e  

boundaries of neighboring cells toge the r  w i th  t h e  i n i t i a l  and boundary con- 

d i t i o n s  a s soc ia t ed  wi th  t h e  problem, determine t h e  parameters which l e a d  t o  

an  approximation t o  t h e  so lu t ion  of ( 2 . 4 ) .  

expressed by t h e  f i n i t e  d i f f e rence  equat ions  (3- .9)  whose development w e  now 

descr ibe .  

n 

These a l g e b r a i c  cond i t ions  are 

The fo l lowing  d i scuss ion  concerns (3 .2)  i n  a f i x e d  ce l l  IT:; w e  there- 

f o r e  omit t h e  i n d i c e s  -, n on t h e  c o e f f i c i e n t s  i n  t h i s  systems of equat ions .  

With t h e  c o e f f i c i e n t  mat r ices  p a r t i t i o n e d  as i n  (2 .3 )  in t roduce  t h e  fol lowing 

.. . 
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d e f i n i t i o n s :  I3 is t h e  3 X 3 i d e n t i t y  ma t r ix  and 

- 
B2, E A22 - A 2 1  a - l A  11 12 Y Y 

- -1 - Ax 
Y e z - ~  wx = c22 A22 x 2 x  Y 

y - E22 B22 Y 2 Y  
w = - l -  Ax (3 .3 )  e z - ~  Y Y 

(0  a r b i t r a r y ) .  

We s h a l l  need t o  employ several r e s u l t s  f o r  which t h i s  n o t a t i o n  w i l l  

prove use fu l :  F i r s t ,  t he  a l g e b r a i c  system of equat ions  AJX = Y may be 

v e r i f i e d  t o  have the  s o l u t i o n  X = [AJI-lY. 

equat ions  AY = JCY' 

a is  a vec tor  parameter. 

Second, t h e  system of d i f f e r e n t i a l  

has the  genera l  s o l u t i o n  Y(x) = k ( w x  x ) a  where - 

- 
Each of t h e  terms I, (XI - tA) (y I  - t B )  ,.k?(-wx x) .., BR(w y) i s  thus  

Y 

a s o l u t i o n  of (3.2) so t h a t  



desc r ibes  a s o l u t i o n  manifold o f  (3.2).  Se t  

JV = CUx + DUy, 

JW = DUX + EUy. 

w" n Un 
nk& n 

The t e n  va lues  of t h e  v e c t o r s  U. ' ' j+g,k' j ,k++' vj$g,k '  j ,kk& 

may be assumed t o  be continuous ac ross  contiguous cel ls .  The p a r t i a l  

r e s u l t  of express ing  t h e  parameters Ea.) i n  t e r m s  of t h e s e  va lues  i s  
1 

n n 2 2 
PtU. = + O(Ax = pYU: + O(Ay ) 

( 3 . 5 )  

where a+ and s5 are t o  be determined bv so lv ing  

Q(wx x) a+ 56  Vn = C i s x  - d 
Y O  dx 

The s o l u t i o n  of t h e  l a t t e r  p a i r  of equat ions  i s  
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us ing  the  nota t ion  i n  ( 3 . 3 )  and no t ing  t h a t  C i  = C J ,  E% = EJ. 

Introduce t h e  d e f i n i t i o n s  

de€ 
q(e)  E coth  e - e-' , 

-1 de f ( 3 . 8 )  
r ( 0 )  E 1 - B(sinh 0 )  . 

The r e s u l t  of employing ( 3 . 7 )  i n  ( 3 . 6 )  i s , . f i n a l l y ,  

i n  which 

0 de f 

(3.10) 
0 

Rx dFf (O 

0 

where 0,,8 are def ined  by ( 3 . 3 ) .  
Y 



For real values of 0 the functions q(0) and r(0) given by 

(3 .8)  are regular in 0 and are conveniently evaluated by 

q ( 0 )  0/3 , 0 small - sgn 0 , 0 large 

(3.11) where sgn 0 = 0/)Ol; also 

r(e) - 0*/6 , 0 small 

- 1  , 0 large. 

The matrices BX,By given by (3.3) are generalizations of the cell 

Reynolds number. Consider ex: if S is the matrix which diagonalizes 

ex, say s 8 .S = oxy then 
-" -1 

X 

(3.12) 

and the approximations given in (3.11) may be used to evaluate 
-" ,.. 

q(Ox> , r(Ox). 

A s  mentioned earlier, the difference equations (3.9) generalize similar 

equations which were described in Philips and Rose [3] when the matrices 

Cy D, and E were nonsingular. Arguments given there may be used to show 

that the truncation error in (3.9) is second order in the mesh parameters 

independent of eX,By. 

The reader is asked to verify the fact that the algebraic equations 

expressed by (3.9) together with (2 .9)  lead to a determined system of equations 

for Uy, Vy, and e. When the coefficient matrices in (3 .9)  are symmetric 

and constant an energy-norm estimate for the solution may be given (cf. [3]); 

this shows the existence and uniqueness of the solution and also implies the 

convergence of the scheme any fixed values of the mesh parameters 
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X = At/Ax, X = At/Ay. It is p l a u s i b l e  t h a t  similar r e s u l t s  hold when 

t h e  c o e f f i c i e n t  matrices i n  (3.9) are v a r i a b l e  and w e  appeal  t o  t h i s  

p l a u s i b i l i t y  argument i n  t h e  fol lowing d i scuss ion  without  e x p l i c i t  comment. 

X Y 

(4.2) 

Px + ‘cA6x -‘c6xJ 

X Ax 
C6 X Qx6x - uxJ 

pY + ‘cB6 -‘c6yJ Y 

Y Ax 
E6 - Q 6 -uyJ  

Y 2 Y Y  

X -1 
X 

- I  
I 

4 ‘  

4. Solu t ion  Methods 

a) As described i n  [ 3 ] ,  compact schemes of t h e  type  (3.9) may be 

solved by a 

two-step method: 

i )  by e l imina t ing  t h e  va lue  U. common t o  (3.9a) and (3.9b) n e  

t h e r e  r e s u l t s ,  wi th  T = At/2, 

where 



The s o l u t i o n  of (4.2) is determined by Uy-' and t h e  imposed boundary 

condi t ions  f o r  U:. A formal AD1 s o l u t i o n  of (4 .1) ,  accu ra t e  t o  O ( T  2 ) ,  is  

given by 

n 
(ii) Using t h e  so lu t ion  U., V:, W y  obtained from (4.1) Uy* 

may be ca l cu la t ed  from e i t h e r  the "leapfrog" equat ion  (3.9a) o r  from (3.9b) 

I n  employing (4.1) t h e  c o e f f i c i e n t  matrices are assumed t o  be  eva lua ted  

a t  t h e  c e n t e r  po in t  of t he  c e l l  rn . 
may be approximated. 

W e  s h a l l  n o t  pause t o  i n d i c a t e  how t h i s  

A drawback i n  employing (4.3) t o  so lve  (4.1) i s  t h a t  A t  must b e  s u i t a -  

b l y  r e s t r i c t e d ;  when t h e  v i s c o s i t y  1-1 i n  (2.3) is s u f f i c i e n t l y  small t h i s  

r e s t r i c t i o n  is  approximated by the CFL condi t ion  f o r  t h e  dominant hype rbo l i c  

p a r t  of t h e  opera tor  i n  (2.2).  Presumably, i n  view of earlier remarks, (4.1) 

is  so lvab le  f o r  any va lue  of the r a t i o  of mesh parameters 

t o  e x p l o i t  t h i s ,  p a r t i c u l a r l y  for  t h e  c a l c u l a t i o n  of s t eady- s t a t e  s o l u t i o n s  

of (3.9),  a more e f f e c t i v e  so lu t ion  method than (4.3) i s  requi red .  Th i s  t o p i c  

X . In o rde r  y 

w i l l  no t  be t r e a t e d  here ,  however. 
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W e  remark, f i n a l l y ,  t h a t  t h e  ex i s t ence  of t h e  unique s o l u t i o n  of 

t h e  a l g e b r a i c  equat ions (4.1) is a consequence of t h e  (assumed) ex i s t ence  

and uniqueness of t h e  f i n i t e  d i f f e r e n c e  equat ions  (3.9).  

b) The operators  px,P i n  (4.3) involve t h e  s o l u t i o n  of a l g e b r a i c  
Y 

two-point boundary va lue  problems which can be obta ined  by a method due t o  

Keller [ l ] .  A s i m p l e r  s o l u t i o n  method r e s u l t s  by observing t h a t  U y  may 

be d i r e c t l y  obtained by so lv ing  a block t r i d i a g o n a l  system of equat ions  

( c f .  [ 3 ] )  as w i l l  now be shown. The asymptot ic  consequences when p + 0 

w i l l  be  described i n  s e c t i o n  6. 

The so lu t ion  of 

t y p i f i e s  t h e  problem involved i n  applying (4.3) where 

n n I n  a ce l l  T t hese  equat ions can be solved f o r  t h e  va lues  V.+L wi th  t h e  

r e s u l t  

Px is  given by ( 4 . 2 ) .  

j J -2 

(4.5) 

i n  which 

-1 + n + n  + 
x Vn je = [ J l  

A v? J-3 = EJI 

( a j  Uj+++b.  J U j-2 - g j )  , 

( a j  uje+b: J Un j - z  + g:) J , -1 - n 

and 



. -  

n n 
Uj+&, V.t, J z  

The p a i r  of va lues  are common t o  t h e  cont iguous cells 

i n  each such c e l l  are given 

Vn 

n n  n 
'je Tj, n j + y  

by (4.5); t h e  r e s u l t  of equating t h e s e  express ions  f o r  

R = j+$ is 

Expressions f o r  t h e  va lue  

and s e t t i n g  j+3 

This  b lock- t r id iagonal  system of equat ions  may be  e f f i c i e n t l y  solved f o r  

U: wi th  the  boundary condi t ions prescr ibed  by ( 2 . 9 )  and t h e  va lues  V: 

can then be obtained from (4.5). However, i n  o rde r  t o  eva lua te  t h e  co- 

e f f i c i e n t  matrices a , b- an  e f f e c t i v e  means of approximating t h e  matrix * +  

Q, 

r e f e rence  t o  t h e  Navier-Stokes equat ions ( 2 . 2 )  i s  t h e  s u b j e c t  of t h e  nex t  

def ined by (3.10) must be considered. This  t o p i c ,  wi th  s p e c i f i c  

s ec t ion .  

5. The Matrices Qx, Q,, Rx,Ry 

The mat r ix  Qx occur r ing  i n  t h e  c o e f f i c i e n t s  a ,b i n  ( 4 . 6 )  w a s  

def ined  i n  terms of A and C by (3.10) i n  terms of t h e  ma t r ix  q(eX) ,  

which i tself  w a s  def ined  by (3.3) and (3.8). The mat r ix  is s i m i l a r l y  
QY 

def ined  i n  terms of t h e  matr ices  B and E. 

Confining our a t t e n t i o n  t o  Qx, f i r s t  no te  t h a t  Q, is  given, u s ing  

(3.31, by 

(5.1) 

i n  which 
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6 = (2+A/v)- l ,  

E = Pr/Y 

e . I f  21-r 
PAX x by ex,1’ex,2’ x,3 Denote the eigenvalues  of (-)e 

(5 3) u = E/&,  

then 

(5 .4)  ex,l = U, 

a r e  given as and ‘x,2”x,3 

= (,+, - %) ? M -1 [M 2 ( ( 1 + 0 ) - -  12 )2+40( I -M ) I f  , 
YM YM 

U 6  (5 5) 

where M = u/c ,  c2 = YRT. The fol lowing approximations r e s u l t :  

M = l  

(5 6 )  

M small 

(5 7) 

M l a r g e  

1 
U 6  Y 
A -  - 2 ( l + c r -  -) > 0, 2ex 2 

A -  - 0 .  2ex 3 
U 6  

A -  2 e x 2  - 1 + c r > O ,  
U 6  

A -  2ex 3 - ( 1 + 0 )  - - < o .  
U6 uM2 

2 -  - 1, 
ex 2 
U6 

x, 3 
U 6  

e 
= 0.  
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Writing 

(5 .9)  

then 

(5 .  lo) 

where 

(5.11) 

in which 

(5 .12 )  

As a result, 

(5.13) 

using (3.12) 

v =  

Y 

in which q (-)ex may be approximated by using 

2 , 3 .  

( 3 . 8 ) .  
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I n  view of (5.61, (5.71, (5 .8) ,  

(5.14) 

where 

5, = -1 , Mx < 1 

= o  , FIX = 0 

= 1  , Mx > 1. 

where Mx = u/c. 

Thus, 

. 

and 

n o t i n g  (3.10). QY 
S i m i l a r  expressions r e s u l t  f o r  

I n  t h e  same manner, using (3.8) and (3.10),  



) l i m  Rx - 
d22S d i a g ( l , l , l )  S-1a22 

(5.19) 
P - f O  

RY ' with  similar r e s u l t s  f o r  

Using (3.8) and (3-111, the r e s u l t s  of t h i s  s e c t i o n  a l low t h e  co- 

e f f i c i e n t  mat r ices  Q and R i n  (3.9) t o  be evaluated as w e l l  as t h e  

c o e f f i c i e n t  matrices i n  (4.7) as descr ibed  by (4.6) .  

6. The Euler  Equations 

The Euler  equat ions 

arise as t h e  formal l i m i t  of the Navier-Stokes equat ions(2.5)  as t h e  

v i s c o s i t y  1-1 -f 0. If U ( U )  denotes t h e  s o l u t i o n  of t h e  Navier-Stokes 

equat ions  wi th  c e r t a i n  i n i t i a l  and boundary condi t ions ,  s i n g u l a r  per turba-  

t i o n  methods provide an  important means of desc r ib ing  t h e  sense  i n  which 

U ( p )  may be approximated by a s o l u t i o n  U of t h e  Euler  equat ions  (6.1) 

i n  reg ions  e x t e r i o r  t o  boundary l a y e r s ,  shocks,  e t c .  where v o r t i c i t y  can 

be  generated.  

The s o l u t i o n  Uy(v) of the f i n i t e  d i f f e r e n c e  equat ions (3.9) t oge the r  

w i th  (3.4) determines an approximate s o l u t i o n ,  say  U(p,Ax), of U(p) i f  

we  assume t h a t  U(p,Ax) -f U(p) as Ax -f 0. The cons t ruc t ion  employed i n  

(3.4) is  similar i n  viewpoint t o  one which could be employed by a s i n g u l a r  

p e r t u r b a t i o n  method i f  one were t o  a l low a much g r e a t e r  degree of a l g e b r a i c  

complexity t o  be used i n  order  t o  impose connect ion formulas between sub- 

domains than  i s  p r a c t i c a l  when a n a l y t i c  r e s u l t s  are p r imar i ly  des i r ed .  

formal ly ,  l i m  U(y,Ax) = U(Ax) i t  is  thus  reasonable  t o  con jec tu re  t h a t  

U(Ax) provides  an approximation t o  t h e  Euler  s o l u t i o n  U as w e l l .  

If, 

v - f o  
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An important mathematical d i f f e r e n c e  between t h e  Navier-Stokes equat ions  

(2.4) and the Euler equat ion (6.1) l i e s  i n  t h e  formula t ion  of boundary 

condi t ions .  For ( 2 . 4 )  U(p) may be prescr ibed  a t  boundaries  as ind ica t ed  

by ( 2 . 9 )  while f o r  (6.1) only c e r t a i n  combinations of U as determined by 

c h a r a c t e r i s t i c s  are permiss ib le .  

is, of course,  a f a m i l i a r  f e a t u r e  of s i n g u l a r  p e r t u r b a t i o n  problems. 

W e  now propose t o  examine how t h e  Euler  boundary cond i t ions  for 

This  r educ t ion  of boundary cond i t ions  

U(Ax) 

r e s u l t  from U(p,Ax) when 1~ + 0 when ( 3 . 9 )  is  employed. 

A s  descr ibed i n  s e c t i o n  4 t h e  AD1 s o l u t i o n  method ( 4 . 3 )  used t o  s o l v e  

( 3 . 9 )  can be e f f e c t i v e l y  solved by employing t h e  b lock- t r id iagonal  system 

(4.7) which we now consider  i n  t h e  s i m p l i f i e d  form 

n + c Ut = g k y  
+ n  -Ja- Uy+l + b R = 1y2y. . .yL-1y 

n n 
0 where h e r e  U and JUL are prescr ibed  as inf low and outf low cond i t ions  ( c f .  

(2 .9)) .  

With S given by (5.11) l e t  

us ing  ( 3 . 3 )  t o  d e f i n e  [Cl- l ,  (5.17) may be w r i t t e n  

(6 4 )  
l i m  Q, = c G,[c] -1 

P +  0 

whi le ,  according t o  (4 .6) ,  

h 

l i m  Ja- = 3 k(Qx - J) [ C ] - l ( I  + h x A t  , 
l J + O  



A simple c a l c u l a t i o n  y i e l d s  

0 (1 - S,)s2 s3 

s3 - ExS2 
( 6 . 6 )  S[diap(l,l,(,)]S-'  = (6s)-' 6s 0 

0 

where 6 s  = s3 - s2. Thus, assuming u > 0, s g n u  = 1 s o  t h a t  

A -1 Q, + J = ( 6 s )  

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

0 

26s 

0 

Suppose u -+ 0. For R = L-1, t h e  c o e f f i c i e n t  Ja- i n  (6.2) determines 

n t h e  in f luence  of t h e  outf low boundary condi t ion  

t h e r e  r e s u l t s  : 

JUL; us ing  (6.5) and (6.7) 

M > 1 (5, = 1): here ,  6, - J = O .  

M 1 (5, = 0,-1): he re ,  rank (6,- J) = 1. 

+ 
For R = 0, t h e  c o e f f i c i e n t  b i n  (6.2)  s i m i l a r l y  determines t h e  in f luence  

of t h e  inf low boundary condi t ion . Now, us ing  (6.7) and (6 .8) ,  t h e r e  r e s u l t s  G 
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M 5 1 (Ex = 0,-1): rank($x+ J) = 2 ,  

i .e . ,  rank b+ = 4 (12> l), rank b+ = 3 (M - < 1 ) .  

Thus, the  number of boundary condi t ions  f o r  ( 3 . 9 )  which are e f f e c t i v e  

when u - t o  may be summarized as: 

Outflow Inflow 

M > 1  0 4 

M <  - 1 1 3 

These are exac t ly  t h e  number of boundary condi t ions  which are appropr i a t e  

f o r  t h e  Euler  equat ions (6.1).  

i n  which ar ise  i n  eva lua t ing  
KXC 

For small va lues  of 1-1 the terms 

t +  a , b- i n  (4 .6 )  may be r e t a i n e d  whi le  us ing ,  a t  t h e  same t i m e ,  t h e  asymptot ic  

approximation f o r  Qx given by ( 6 . 4 ) .  I f  t h i s  approximation i s  used i n  ( 4 . 3 )  

and i f  terms proportioned t o  ~-r i n  eva lua t ing  t h e  matrices Rx, Ry (def ined 

by ( 4 . 2 ) )  i n  ( 4 . 3 )  are neglec ted ,  t h e  r e s u l t  l eads ,  w e  assert, t o  a d i s s ipa -  

t i v e  f i n i t e  d i f f e rence  scheme f o r  t r e a t i n g  (6 .1)  i n  which only t h e  hyper- 

b o l i c  boundary condi t ions  which arise from t h e  l i m i t  u + 0 in f luence  

t h e  ca l cu la t ions  t o  any s i g n i f i c a n t  ex ten t .  

Conclnding I?em,arts 

This paper has  descr ibed  a c l a s s  of compact f i n i t e  d i f f e r e n c e  equat ions  

( 3 . 9 )  f o r  t r e a t i n g  t h e  Navier-Stokes equat ions  when w r i t t e n  i n  t h e  form ( 2 . 4 ) .  

For model problems i n  which t h e  c o e f f i c i e n t  matrices appearing i n  t h e s e  equa- 

t i o n s  are symmetric and cons tan t  t h e  r e s u l t i n g  scheme can be shown t o  be 



convergent f o r  a l l  va lues  of the mesh parameters  

and a l s o  t o  provide second-order accuracy. 

X = At/Ax, Xy = At/Ay 

I n  t h i s  theory  t h e  in f luence  

X 

of t h e  v i s c o s i t y  1-1 

subdomains wi th in  which v a r i a t i o n s  i n  t h e  c o e f f i c i e n t  matrices A and B 

can be regarded as s m a l l .  

p r imar i ly  determines t h e  s i z e  of t h e  computat ional  

An important f e a t u r e  of the f i n i t e  d i f f e r e n c e  scheme ( 3 . 9 )  is  t h a t  

t h e  n a t u r a l  phys i ca l  boundary condi t ions are employed; when 

t h e  boundary condi t ions  f o r  t h e  Euler  problem in f luence  t h e  s o l u t i o n .  

+ 0 only  
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